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Abstract 

We discuss a sufficient condition for a space to be filled with an arbitrary finite number of self-similar 
spaces using a topological concept. 

It is a great issue in the fields of materials science and geology, which are closely related to crystallog¬ 
raphy, that a space can be filled with an arbitrary finite number of grains, each of which is characterized 
as self-similar. Mathematical methods for the crystallography have long been developed mainly by the 
group theory, because it is quite useful to discuss symmetry and periodicity in the crystal. However, it 
is not necessary for the above problem to consider a periodicity of the internal elements in each grain 
using a concept of space group. We have studied the mathematical structures of self-similar condensed- 
matters using a point set topology [T]. To our knowledge, such fundamental topological approach has not 
been applied for the study on the structures of aggregates of grains. Here we can also discuss the tiling 
problems according to a same procedure for the current problem on aggregate of grains by replacing an 
aggregate of grains with a tiling and a grain with a tile, respectively. The unit of the discussion is now 
single crystal or grain, whose characters can be defined topologically. Therefore, it is also possible to 
discuss the structure of aggregates of the noncrystalline or amorphous grains using a topological method. 

Although structures of self-similar materials are often discussed using a fractal dimension in fractal 
science, such discussions are done only within a real space as it can be seen. In the present report, we 
employ somewhat indirect method of observation of the structures of material. That is, the structures 
are expressed indirectly through the mathematical observations of the formation of a set of equivalence 
classes, (see, for example, a literature by Fernandez [2], concerning the use of quotient space in statistical 
physics) The concept of the equivalence class is familiar in the diffraction crystallography as a reciprocal 
lattice point [3]. Group of the lattice plane is gathered as a concept of equivalence class, and then the 
geometrical structure in a real space can be determined by diffraction patterns in a reciprocal space. 
The structures of materials are observed here mainly from the viewpoint of this equivalence class, that 
is, a decomposition space, which is similar idea as that for the diffraction analysis. From a viewpoint 
of topology, any pattern can be obtained from the space which is characterized, in principle, as 0-dim, 
perfect, compact T 2 space. In the followings, we discuss this sufficient condition for a space to be filled 
with the self-similar spaces from the viewpoint of topological aspects. 

Let us start the mathematical observations of the structure of material for the case shown in Fig. I. 
This figure shows the structure of aggregates of grains (A), where each Xi corresponds to each grain. 
Let (A, r) = ({0,1}^, CardA >- Hq (aleph zero) be the A—product space of ({0,1}, tq) where tq 
is a discrete topology for {0,1}. The topological space (A, r) need not to be metrizable, that is, the 
relation CardA >- H (aleph) may hold. In the present report, assuming the element of the grain to be 
a map a; : A —> {0,1} (for example, A = N, R,...), we will mathematically confirm the existence of a 
partition {Ai,..., A„} of A, A^ G (r n 3) — {f} [1], a decomposition space (i.e, a space of equivalence 
classes) of each A^ of which is self-similar. The partition of A can be regarded as a kind of aggregate 
of grains in an abstract sense each grain Xi = (Ai,rXi) [5] of which is characterized by its self-similar 
decomposition space. Namely, all points in Xi are classified into equivalence classes and the equivalence 
classes coalesce to form a self-similar structure. Then we can obtain a space filled with any n mutually 
disjoint self-similar spaces. Some easily verified and well known statements are shown in the literatures 

i- 

Since (A, r) = ({0,1}^, Tq^), tq = CardA >- Hq is easily verified to be a 0-dim, perfect, compact 

T 2 -space, there exists a partition [7] {{Xi,txi), • ■ ■, (-A„,rx„)} of (A,r) where each (Ai,TjcJ is a 0-dim, 
perfect, compact T 2 -space [5]. Then there exists a continuous map fi from {Xi,TXi) onto any compact, 
self-similar metric space (YXd) [S]- Since {Xi,TXi) is a compact space and A is a T 2 -space, the map 
fi : {Xi,TXi) Wxd) is a quotient map. Therefore the map h : (Yt^) ^ {'Df.,T{Vf.)),y 
must be a homeomorphism m- Since {Y,Td) is self-similar, the decomposition space (D/. ,r(T>/J) of 
(Ai, TXi) is also self-similar [TT]. The space A is filled with self-similar spaces in the sense that the family 
{/“^(y); y G A, z = 1,..., n} of subsets of A is a cover of A. The self-similar spaces Vj. and Vf. ,i j 
are disjoint in the sense that any point f~^{y) of 2?/^ is not a point of 'Df. as shown in Fig. 1. Here, we 



Figure 1: A schematic explanation of the mathematical procedure. X and each Xi correspond to an 
aggregate of grains and each grain, respectively. Equivalence class is a point of a self-similar 

decomposition space Vj. of Xi. is not a point oiVf.,i^j. 


note that the decomposition space 2?/^ of Xi is not a trivial one {{a;}; x & Xi\ especially for a self-similar, 
connected space Y. In fact, disconnected space {{a;};x G Xi} (a decomposition space of Xi) is never 
homeomorphic to a connected space. 

Regarding each subspace {Xi , TXi ),i = l,...,nasa grain we obtain an aggregate of grains {Ai,..., A„ } 
composed of Xi which has a self-similar decomposition space. Finally, we note that in the above discus¬ 
sions we can replace the self-similar space with a compact substance in the materials science such as a 
dendrite (A metric space is called a dendrite provided that it is a connected, locally connected, compact 
metric space which contains no simple closed curve as its subspace. A space which is homeomorphic to a 
dendrite is a dendritel [Tl IHl fTI] and then, we can obtain an aggregate of grains {Ai,..., A„} composed of 
grain Xi whose decomposition space is characterized as a dendrite. Fig.l is available also for the dendritic 
structure. 

The mathematical procedure which plays a central role in the above discussions is summarized as 
follows, i) (A, rl is a 0-dim, perfect, compact T 2 -space which need not to be metrizable. For example 
(A, r) = ({0, 1 }^,Tq^) where CardA >- H and tq is a discrete topology for {0,1}. ii) There can exist any 
n mutually disjoint 0-dim, perfect, compact T 2 -subspaces {(Ai,rxi),. ■., (A„,rx„)} of (A, r) and there 
exist continuous maps fi from {Xi, TXi), i = 1,... ,n onto any compact metric space {Y, tj) which can be 
the self-similar structure, e.g., dendrite, each of whose structures are invariant under any hoineoinorphisin. 
hi) Each decomposition space , r(T>/J) = {{f~^{y) C A^;?/ G A},T({/“\y) C Xi-,y G T})) of 
{Xi,TXi),i = 1,..., n is homeomorphic to {Y, Td). Then the subspace {Xi,TXi) turns to the decomposition 
space {'Df^,T{'Df.)) which shows the self-similar or dendritic structures. 

In the present report, we propose the sufficient condition for the problem that a space can be filled 
with an arbitrary finite number of grains, each of which is characterized as self-similar, using a concept 
of point set topology. Let a topological space (A, r) be a A-product space ({0,1}^, of ({0,1}, tq). 
Here CardA >- Hq (aleph zero) (i.e, A is an infinite set) and tq = {{0,1}, jOj, {!}, <(>}. (A, r) has an 
any n-partition {Ai,..., A„} where each Xi is a non-empty clopen set of (A, r) and has a self-similar 
decomposition space. If we regard each Xi as a grain whose element is a map x : A ^ {0,1}(A = 
N,R,.. .), we can mathematically regard the partition {Ai,..., A„} of A as an aggregate of grains. 
Namely, (A, r) is filled with any n mutually disjoint self-similar spaces or dendrites each of which is 
a decomposition space of a grain. To clear the qualitative aspects of the self-similar structure it is 
emphasized that the discussions do not depend on the metrizability of the initial space (A, r). 
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